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PREFACE

This work is an expanded version of a set of lecture notes
corresponding to a course given by the author during the period
November 1978 to January 1979. Analytical methods for the solution
of moving object search problems are developed from "first principles."
This work complements the fi?ﬁyuﬁgfﬁp?'s CNA memorandgf)(reference l)L/”N

q;EGE“d¥EE§&?QSwEﬁé£;'is little overlap with the existiﬁg literature
on search theorye(e.q., references 2, 3, and &)T" The approach taken
is tutorial, in that the solutions of harder problems are motivated
by the solutions of simpler problems. There are exercises inter=-
spersed throughout the work:; the solutions of some of these are
given in the appendix.

This work is concerned with mathematical analysis and not

with modeling target motion or detection functions and not with the

Pt

development of computer codes.
Some general reference e references 2 through 7.
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FORMULATION OF 'I'"HIZ SFARCH PROBLEM
The poasition of the carget abt time t will be denoted by ~
:i X{t). It is a vector, so that:

' X(t) = (X (t), Xy(t), Xj(t)) . (1.1)

The target moves in some region, denoted by D il

i T s
s The position of the searcher at time t will be denoted by:

=R
R

s iplhTi g e
L2t Y S S

LT

Z(E) = (2,(6), Z,(E), Z,(L)) . (1.2)

The following inputs are needed to formulate the scarch problem,

INITIAL DENSITY

g2 Vv"“%-:t-s".‘uzh;

Let po(x) be defined hy:

no(x)dx = Pr{x] s X1(O) s X

1 © %) +dx ), x

= X2(0) < X, + dx S

2! ! n
(1.3) } 55

: . A

Xy = X3(O) % Xg + dx3} . N

2 2

In this equation, x = (xl, Xos x3) is a vector and dx =Gbﬁj dxz, dx3).

Three types of initial densities are considered.




1
i

Type 1

Initial density concentrated at a point., Namely:

Probh{ X(0) = xo} C (1-4)

Symbolically, one writes:

: np(X) = &lx=xg) = SR =X ) B (Ry=Xo0) LK =Xq0) . (1-5)

]

= In this equation, 4(S) 1s the "Dirac Delta Function" (reference 8).

b Exercise (See Reference 8)

K One definition of &(S) is:

" lim B _-s°n/2 T
' 3(5) = iyt (1-6)
3 I
l ] 1im -
1 ovon En(S). (1-7) ﬂ
1 2
. ' K.
d Sketch a few of the an(S). Also draw ¢ (8), the derivative of §&(8S). ﬁf
ﬂ i
: Note that 4§(8) =0 1if S # 0 and: ; :ﬁ
1 } ﬁé
' fa(sms = 1. (1-8) 7

'
; A
i fh(sm(s)as = h(0) . (1-9) " |
. '_.R
2 E i

)
-t
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Type 2: Nowhere Vanishing Initial Densitiesg

In this case, po(X) does not vanish in Dy - An example

of such an initial density is the circular Causslian:

/2 _ 2, 2
polx) = [.._17] eE /200 (1-10)
2n0
2 2 2 s
where r = (x1 Xyt x3) .

Type 3: Compact Initial Data

In this case, po(x) is non-zero in some subregion
[}
DTC_: D,Il and zero elsewhere (see figure 1l).

TARGET MOTION MODEL

The velocity of the target is V(X,t) and is given by:

dx

Jt = V(X,t) . (1=-11)

The increment in X 1is then given by 21X = V(X,t)At. Introduce
the transition function (e.¢., references 5 and 6), a(i,t,At,x)
defined as follows.

Set:

AX = X(t+At) - X(t) . (1-12)

Then, the transition function q(f,t,At,x) dis:

ql&,t,At,x)dE = Prob{fsAXsE+d [X(t)=x} . (1-13)

T e e R ae L i
- L Y. 3 i i e Siac % i 2 ot
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\' l ' »
? In this equation, £ = (f,, f,, f3) and df =6ﬁ]j dﬁz: 053)-

i The right~hand side of cquation 1-13 is satisfied by each component.

k.

; Fquation 1-13 can also be rewritten as:

qC.,t,At,x)d7 = Probl{f s X(t+At) - X(t) s £+dE|X(t) = x}.  (1=14) |

'

Deterministic Target Motion

In the case of deterministic target motion,

qif,t,At,x) = (5 = b(x,t)At) ., (1-15)

T TR S TR IR AT TR ST TS L Y

Namely, with 1 ~bability 1, AX = b(x,t)At . Let E{-] denote

% mathematical expectation. Then:

E ' E(aX]X(t) = x) = /:;qtr.,t,m,x)ds ‘.
‘ = /:‘.6('”. - b(x,t)At)dE (1-16)
| = b(x,t)At,

Hence, one writes that:

a-t- = b(X,t). (1-17)

|-
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Exercise
Show that Lt g0 v, "t , ) IR Pt oy capiat Ton b T e
Yell ' T l SiU) RN i . )
b
S i 9
Conditionally Deterministic Target Motion !
ITn this cage, ecquation =19 0u vepdaced by
qlf, t, AL, %) = oo S = LR, ALY, (1-18)
Il L
with o oo 1 . Namely, there are a namber of pascible taraet
43
velocitics, with a probability P, aussoclated with velocily b“(x.t).
If the velocities arce contipuously diatpributed, then cquation 1-18
muat bhe modified, of course,
The clastical example of conditionally deterministic target
motion ls the "fleeing datum” (see reforence 2), In this case, the )
target flees with a knhown velocity but with unknown bearing.
Stochastic Targaet Motion
In thig case, one assumes that given Y(t) = x ,  then
i
. ) *
AX = X (t+At) - X(t) 18 normaliy distributed with mean b((x, )AL +a(At)
Vv - A
wWithout loss of generallty, one assumes b{x,t) 1s Known with .
complete certainty. Only a small modification is nceded to use i
a conditionally deterministic mean Q“(x,t) . p:
6 &
i f
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A
and covariance matrix (aii(x,t)ht + o(nt)) . Here o{(At) means

a quantity such that:

lim o(At)

PSS .

(A B
At-+0 AL = 0 .

Alternatively, one writes that:

A
BOAX [X(t) = x} = by (x,t)At + OfAt) i=1,2,3
A
Cov(AxlAlex(t) = x} = aii(x,t)At + o(At) .

Execrcise
Show that:

A
E{AxiAXj|X(t) = xt = ai)(x,t)At + o(At)

Exercise
A
Let At+0 and then (aij)$0 .  What happens to the density

C, t,‘t'At'x) EOI‘ AR?

ixarcise

Restate equations 1-20 and 1-22 in terms of q(&,t,0t,X).

(1=-19)

(1=-20)

(1-21)

(1-22)
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Remark s
; 1. 8ince for stochastic targoet motion
: A A
dX ~ N(Dh(x,t)At + o(At), a(x,t)At 4 ol~t)) , it R

o

satisfies the "Ito Equation" dX = b(X,t)dt + Ja(X,t) 4w,

3R

Gt

where W(t) 1is Brownian motion.

2. For the case of stochastic target motion

TR ETETT T PRI

/e‘jnq(ﬁ,t,/\t,x)dﬁ = o(At) for n = 3 .,

i
2

-

%’ Enercise

5( Demonstrate Remark 2.
L

u

b

SEARCH FUNCTION

The final input is the search function (or "conditional .

detection function", reference 9). Let:

A
Y(x,t,2)At = Probidetection in (t, t+At) |[X(t)=x, Z(t)=z}. (1-23)

This function must be modeled.




E: ..

SEARCH PROBLEMS

The following quantities are of interest in search theory.

Let:
p(x,t]|2)dx = Pr{x = X(t) :© x + dx|search along % (1), A
0 =« ¢ =t was not succeasfull}l . (1-24) ;
To obtain o(x,t|2) , consider the joint density %
4
f(x,t; 2)dx = Pr{x £ X(t) = x + dx and search along Z(1), ;
0 s 1T st was not successfull} . (1-29) ?
;‘
Since Pr(A and B) = Pr(A|B)Pr(B), one has: %
3
pix,tlz) = —LiXet:i2) : (1-26) |9

ff(x,t;Z)dx
D

Note that p(x,tlZ) and f(x,t;2) have the same spatial dependence
and differ only by a function of time.

A related quantity, of interest in "time-late" problems, is

the density in the absence of search:

plx,t)dx = Pr{x = X(t) s x + dx} . (1-27)




; THE SEARCH EQUATIONS :
E

' General References: 10, 11, 12. ]

: In order to derive the search eguation, consider the time

4 inerement (t, t + At) . Then, in this increment, one finds that

i

3 A

4 £x,t+At;2)dx --f <l-qn(x-é’, ,t;Z)'\t)q(f‘, JE, AL, k=0 ) B (%=F , Y dh AR, (2=1)

? When the right-hand side is Taylor expanded, onc obtains:

; A

1 f(x,t+At;2)dx =f{(l-1p(x,t;2)/\t) I:q(ﬁ; JE AL, x)Fix,t:2)

: 2

3 : ] . 1. Gl

: - 2E, — (qF) + 5 o, £ .0 s (QF) (2-2)

‘s &t ] . ’
|
+ At g (£,t,At,%=5)E(x=E,t;2)0(E) + 0(53)}d€dx .

A
= (] - lp/.\t){'/;lé: q(e, e, e, x)f(x,t;2)

2
5_*15.;;.(5 i.,,jqf) +0(E )]} (2-3)

o

s B e "
- 2 g (5,9f) + 3
g oxg i 13

+ Atjq(E b, AL, x=0) £ (x=E,£12)0()dEdx .

g EE I RS o
e S RS o N e

10
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A
£(x,t+At;2) = (1 = 0it) f(x,t;Z)fq(i,t,At,x)dE

N .
= >—il a;’; (ff{;iq(; ItIAtoX)dE)

(2-4)
+ E %‘5""8";_,(" ffﬁif'.'. Q(E.t.At;X)dE
13 ¢ 9%19%y 3
+ f0(£3)q(5,t,z\t,x)df; + o(At) .
Thus:
A 3 A
£(x,t+At;2) = (1 - pAt) | £(x,t;2) -?f&q bi(x.t)At + O(At))
(2=5)

2 A
+ % J éx—ag-,—‘—(aij(x,t)l&t + O(At)) + O(At)] .

A A
BEquation 2-5 follows from cle definition of b(x,t) and a(x,t).

Expanding the right-hanrd side glves:

A
£lx, b+bt12) - E(x,t12) = =yEAt = 5 o= (b £)aE
1

X{
1 32 A
+ -E-Zi;j F,qza—x—j' (aijf)At + o(At) .

11
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Dividing by At and taking the limit as At40 g¢gives the search

equation;:

B
- == b F) -t . (2=7)
i ;H-(i 1

Y=g
™M

n 2 A A A
L ] ) .

ol
T
:
8 —
——;i
.
o
B
=

Equation 2-7 will be called the stochastic search cquation (SBE).

Exercise
Suppose that there is no search, let
pix,t)dx = Pr{x = ¥(t) s x 4 dx} . Show that pn(x,t)

satisfies the following equation:

2 A A
ap = o1 3 ( . R L
" Sy meewe (@) = 0 ae (b)) (2-8)
at {5 2 Axi)xj i) i %y i
Exercise

For the case of deterministic target motion, show that

fi{x,t:2) satisfies the deterministic search erquation (DSE):

A A .
2L v - -
at ,.i_, axi (biF) lj)f . (2 9)

B e

$

£ e

e e R e




Ramark

Define a flux Ji(x,t;f) by:

) A A
Ji(x,t;f) = - “5,57:1- (aijf) - bif . (2~-10)

ot

Then, the SSE (equation 2-7) becomes:

3f . o 2 3.k, 66)] = - 0f 2-11) |
At O I a-11) |4

This is a conservation or continuity equation.

Now consider equation 2-7, It needs boundary and initial econditions.
1, Initial Condition: f(x,t;2)+po(x) as t40 ,
where po(x) is the initial density.

2. Boundary Conditions are more difficult., Possible ones
are:
a. f(x,t32) = 0 for x on the boundary of DT
(1,e., an absorbing boundary). Rt
b. The normal derivative 3f/3n = 0 on the boundary
(reflecting boundary).
In this paper, the boundaries are simply ignored. This

leads to solutions that are valid far away from the boundary.

13
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*,
They can be modified to satisfy any nceded boundary conditions )
(see reference 11 or 1).
Remark |
f{x,t;2) does not integrate tao 1, 3
In fact, K,
J(f(x,t:z)dx = pProb!{scarch up to time t 1is nnt
4 D,
3 r saccessfull 1 (hopefully). L
o, ,!'.‘
1 THE SCALED SEARCH EQUATION |
I Let T, Lo, b, ay be defined as follows: ﬁ;ﬂu
l
, Tc = a characteristic time,o.a.,time availahle for search ' (
Lc s a characteristic distance,e.q., distance from . :
center of "()(X) to the houndary
A
ap =, maximum value of aij(x,t) over all 1,
AL
bm = maximum value of hi(x,t) over all 1,3,
Now define dimensionless variables by: ;
A A ,
X a, . - b -
t i i i
¥ g r—T— y ™ T a }=4 _.T..'A_ b | > S——
IC i LC i ) Clm i bm
.ﬁ 14 .
,li !
3
, I




The search equation 2-7 takes the form:

2 b A
1 5¢ . 3 m o< 8
il e g (A ) -~ 3 e (b,f) - yf (2-12)
To 37T Ez iij ayiayj i3 L, 7 9y; 4 '
or
a T 2 b T A
2 .one gy D qaf) - REy D (Bf) - yT £, (2-13)
ERS Lc i,j Yi Yj ij Lc 1{ E?I i (o]
Now assume that 'rc,Lc are chosen so that:
a T
me = ¢ o¢c . (2«14)
L
c
Define:
b = b=
i i L,
A (2-15)
] L WTC .

The final non-dimensional search equations is (reverting to x,t

instead of vy,T ):

2
of < 3 — )
T T T (a,,f) - % TN (b,£) - yf . (2-16)
Remark

When ¢€-+0 , equation 2-16 becomes the deterministic

search equation.

15
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Remark
It has bren assumed that b, and y are quantities
that are 0(1) , i.e., of the order of 1. 1t could
be that bi are O0(r) , in which case equation 2~16

would take the form:

af 32 ) ]
—_ = el (a,.f) - 2 = (b, £)] - wE . (2-17)
5t [i,j axiﬁxj i4 1 9%y i

R

For purposes here, equation 2-16 will be used instead

of equation 2-17,

paat A SOl JPE s oy

Remark: An Al:ernative Formulation for ¢

: Suppose that the initial data were:
;o
%i (x2+x2)
¢ o] L3 .._} exp |- _._T._l 2
g’ 0 2n02 20
Under the scaling
j TRt
: one obtains:
(y24y2)n.2 b
g n - 1l exp |- _-.L 2 (=] y
3 0 2m02 20 il
16 %
“i




In this case, (aij) and b(y,t) would have different interpretations.

Remark
One could imagine that b(x,t) in equation 2-1€¢ is
not known with complete certainty, but that b(x,t)

is known in a conditionally deterministic fashion. 1In

this case, one solves an equation of the form of
equation 2-16 for each possible b(x,t) and then

averages over o .

Y S

T e BRI T e ST R

s S S s

17




SOLUTION OF THE DETERMINISTIC AND
CONDITIONALLY DETERMINISTIC SPEARCH EQUATIONS

References: 14,15,

The deterministic search equation is: ;
.
3 f L :) - l
i Do oso= (bif) - yf (3~-1)
at {mp A%y 4 !
with initial data:
fix,0; 2) = mo(x); (3-2)
'.-l ;\
3 and no boundary data. :
.; In order to solve equation 3-1, the method of characteristics
; is used. Rewrite equation 3-1 as: '
; ab
3 L vy B o f w24 . L
: at + ) bi ax. = (w + Lt ax ) f . (3 3) N
1 1 i
'»._
A Introduce a new variable S so that:
‘;3 dt - %
4 w1 (3-4)

and set:




F@,umﬁlwur.\,",:_ T .k. e ‘.. fSel Rhasnbibiabs S SN

B St
Choose initial conditions so that:
t = 0 when 8§ = 0
(3-6)
X, = X9 when 8§ = 0 .
The solutions of equations 3-4 and 3-6 give a "curve" (or space
time ray) in Dp. From equation 3-3:
dx
ds 7t ds T & ax, a3 (3-7)
a o _of -
AR T (3-8)
Thus, on the solution curves of equations 3-4 and 3-5,
daf ( 2 Bbi
. a =| ylx(8), 8 z(s)) + — (x(S) S) £ (3-9)
a‘g [4 ’ axi ’
:' with
£ = pglxg) when § = 0 (3-10)
)
[ (see figure 2).
?; Formally, one can write:
; £ abi 3
® £(x,£72) = pglxglexp -»/0‘ v+ D -a-x—i- as . (3-11) ;
19 K
i f
4] ‘

Ry viadpisambpain 142 et ittor in o et b v e b e g Tt
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SOLUTION OF THIX DETERMINISTIC SEARCH BQUATION

.20

.
e - - g T s P Y S T e
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k-
In using thia formula, one writes: E
B t ;
“. xi(t) = X9 +‘/0‘ b, (x,5)ds (3-12) .
' & or g ]
? é This form is especially useful when b is independent of x. In that “

i cage:
¢ ¥ Xg = X = b(s)ds . (3-14) MW
b 0 L
b b
) ¢ EXERCISE (A CASE WHERE EQUATION 3-13 IS USEFUL) 7
b, &
8 Suppose that b, = vi(t) » independent of x . Show thati ,%
o &1
t i

) £(x,£12) = o4 x':/ﬁ v(s)ds
! 0
N ¢ (3-18)
exp -f vix -f vis')as', s, z|ds
0 s
Write down the integral that givea the probability of detection :‘
by time ¢t .  €
Remark B
Note that equations 3-11 and 3«14 can be summarized as:

& )

f ~ [term due to target motion_x[term due to search] .

2l




COMPUTATIONAL ALGORITHM FOR DETERMINIGTIC TARGET MOTTON

AN
1

Steo 1
: Pick Xy o F ( o ¥ )
skep 2
dx..L
Solve -3t = hl(x,l) ; }: i‘(()) =t
‘ Step 3 '
r' { df- ,jb:
' Solve av = ~\! ‘
3 ,
£(0) = oylxg).
Step 4

Cyrsle (i.e., pick a different », and return to Step 1).

!

3

:

: COMPUTATIONAL ALGORITHM FOR CONDITTONALLY DETERMINISTIC TARGET MOTION

¢

] In this case

] bix,t) = b*(x,t) (3-16)
3

with probability Py Lt f'll(x,t;Z) gatisfy:

- i o -1

“ YT (bif y o~ WE (3=-17)
i

)y = ;'10(x) (3-18)
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In order to determine f£(x,t;2) = Ea{f“(x,t:z)} , she following

computational algorithm can be used.

Step 1 . i
Fix b%(x,t) (with probability p,).

Step 2
Pick - Xy = (xlo, Xo0 x30) _
o
Step 3 %
dx K
R i - o - .
L
Step_ 4 o ,"i‘\
at® ®ieo o
Solve: raliai \2 ? 5;: f £7(0) = po(xo) . )
) Step 5

Cycle o step 2 as desired,

Step 6
Cycle through b%(x,t) .

Step 7
Construct: f£(x,t;2) = Ea{fa(x,t:z)} .

' 23




ALTERNATIVE COMPUTATIONAL 'ALGORITHM L Yt e e ol o rodere il V{
Step 1 TR FERTI T |
Fix: Xg = (XLO' X0 x30) .
L |
Step 2 o) s W ‘
Fix: b%(x,t) f
; "';:!."‘ 1
Step 3 o : . | E
Solvet "H% = bf(x,t) x{(0) = x4 é
o3k
Step 4 . . ég“h o e Y
Solve: g-ié— " - (q, + 2 'aii' )f“
‘ ! [
Step 5 N St B g N B
Cycle through b%(x,t) \ !
1 '
Step 6 vy ¢ Vo
Construct: f(x,t;2) = Ea{f(x,t;z)}
3
Step 7 .
Cycle through Xg o
3 i

24 . .
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SOLUTION OF THE STOCHASTIC SEARCH EQUATION
IN SOME SPECIAL CASES

'ﬁ General References: 6, 13, 15, 16, 17, 18.

In order to motivate the solutions constructed in the next
e section, certain gpecial cases are studied in this section. Study
of such canonical problems (see reference 16) has been very useful 1.
in other disciplines. 3

First consider the stochastic search equation: )

! 3 Loy e 2 g - n 2 (bh) - e PR
r‘;‘_

with the following assumptions:
‘ 1 if =) R

y Al) a - 4 -
j 13 13 0 otherwise

A2) by (x,t) = b; a constant independent of position

s,

and time.
A3) The target moves in the plane.

Ad) Y(x,t;2) = § , a constant.

The search equation is then:

2 2
3f ., e|37f 3 f | [p 3L , g, 2f ]- vE (4~2)
. 3T !'[;;E ;;g] [ T 2 fﬁ;

25




with
f(x,0;2) = po(x) (4=1)
Exercise

Show that if one sets f£(x,t;2) = w(x,t)e "% , then:

2 2 .
5t r[—‘z*““‘z] I:blf)x +b28x] (4-4)
axl axz 1 2
with wi(x,0) = po(x)
CANONICAL PROBLEM: TYPE 1 INITIAL DATA
Assume that:
po(X) = §(x) (4-5)

i.e., Pr{X{0) =0} = 1,

Then, 2 2
(Xq=bst) "+ (n,-b.t)
1 "1 2 72
wix,t) EF%E exp|- [ T3 e ] ‘ . (4-6)
The right-hand side of equation 4-6 is the Green's function, G(x,t),
or fundamental solution. As ti0
wix,t) = 8(x) = G(xl)é(xz) . (4-7)

26
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Exerciae

Show that equation 4-6 satisfies equation 4-4,

CANONICAL PROBLEM: GENERAL INITIAL DATA

Assume that:
Pol%) = Dlxy,Xy)
Then (sea references 5, 14, or 15)

wix,t) = G * p

-fG(x - &, B)pylB)dg . (4-8)

Exercise

Assume that:

(x) 1 "i*"g
palx = Sy eXp|- ——=— '
0 2o 20

Find wi(x,t).
Hint: Gaussiaf functions are closed under convolution

(complete the square).

27




CANONICAL PROBLEM: TYPFR 3 INITIAL DATA

Assume that:

p(x) in square of side 2%

0 outside

Thent

L )
wix,t) = / / G(x -~ &, tIp(n)ag {4-10)
-p YR

Remark

The one-dimensional analogue of equation 4-9 is:

0 (%) - £ X s &
co(x) = N (4-11)
0 otherwise ,

and of equation 4-11, is

2
2
WK, ) = = f }3(5>exp[- (asbe- )-]d& : (4-12)
Y2ret Y=&

(Hard) Exercise (see references 17 and 18)

Use integration by parts to develop an asymptotic expansion

of equation 4-12 valid for small ¢ and | (x=bt) < 2.

28
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Remark
All of the above results also hold when bi(x,t) - bi(t)
only, independent of x . In thia case, the Green's

function G(x,t) is:

t
G(x,t) = 7?%? exp {- E%E (%l 1}5 bl(S)ds)

2

t
+ <x2 --/0‘ bz(S)ds) .

(4=13)

CANONICAL PROBLEM: NONCONSTANT o
Allow ¢ +to vary, but keep all the other aassumptions. The

search equation can he rewritten as:

2 2

af_ﬁaf 3¢ 3t 3f . - _ i
5t ) ;;f""a‘;g + bla—’-‘—l-'!'bzb-;; pf E u(x,t) . (4=14)

The solution of equation 4-14 is formally
f£(x,t12) = G *u, (4-15)
But, u = -yf , @0 that:

£(x,£12) = G*(=-yf)
= =G* (Y% (G*u)) (4=16)

eta.
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The iterative procedure of equation 4«16 and a suitable fixed point
theorm can probably be used to prove the existence of colutions to

equation 4-14.

CANONICAL PROBLEM: ORNSTEIN-UHLENRECK PROCESS

Assume that the target moves in one dimension with:

bix,t) 3 =~fix t
(4-17)
a (x) =1 |

Tt

and § = § , a constant. Then, if Ff(x,t;2) = w(x,t)e '~ ,

wi{x,t) satisfies:

2
M o- %—g bR oge (wx) (4-18)
X

Assume that w(x,0Q) = 6(x-x0) . TFeller (raference 5) has shown that:

\ 2
wix,t) = [_*’_*H ««J% oxp :E(x-xoe'zﬂt) | s
' wu(ligrjgt) E(l_e;YRt)

Remark

All of theae problems have solutions of the form:
£ ~ w(x,t)«a“wt = [term due to target motion]]

x [term due to search] .
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APPROXIMATE SOLUTION OF THE STOCHASTIC
SEARCH EQUATION IN THE GENERAL CASE

General references: 1, 6, 10, 13, 14, 16, 17.

, Reconsider the stochastic search equation: ;
af £ v 22 .2 4
"3 2 a—*—i-s-i*_; (aijf) -2 57‘-; (bif) - £ , (5-1) _ﬁ
with initial data: 9
£(x,0;2) = opglx) . (5-2)
For simplicity, assume that the initial data is exponential:
potx) = ”P/E Ky () (5-3) §
k=0 T
Exercise .%?

Cohen and Lewis (reference 13) have shown that the following

"trick"can be used to obtain data in the form of equation 5-3,

Show that formally one can set:

=Enp ) (X) -

ho(x) = 1 (-4 | %

$(x)

k=21 .

111
o

hk(x)




,.‘

For . s
L ~xPexdiy20t Lo
P (X) = —Zx e ' (5-5)
K, 0 21“77
q . Y
' find ¢(x) and the h, (x),
.f Hint: Redefine o , in terms of r. b
? Based on the solutions of the canonical problems, one seeks a
‘E solution of the SSE in the form (note ¢ does not depend on 2(t)):
i e trz) = e PHA Ky ke (5-6)
:ﬁ{ In this equation, ¢(x,t) and qk(x,t;z) k=20,1,2,... are to
Ri be determined, Eqguation 5-6 is called a "ray ansatz."
fl Now apply the following procedure:
3 1. Evaluate 9f/dt, 3f/0x, and a‘?t/ax:'.ax_j if £(x,t;2) ie :
? given by equation 5-6,
. 2. Substitute into the search equation equation 5-1,
i | -
-1 3. Collect terms according to powers of € . One obtains:
e" b (X t) e I IR I et 1+ ] = o, (5-7)
k. 4. Set each coefficient of ¢X equal to zero. This gives an
% equation for +4(x,t) 1f k=-1 and for gk(x,tsz) if kw=0,1,2...
32
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Exercise

Sshow that the equation that ¢(x,t) satisfies is:

2 4 up, 2+l % oa, 28 3 . g

. (5'8)
3t i i axi 2 19 17 axi axj

Equation 5-8 is the "eikonal" or Hamilton~-Jacobi equation, It is

first order, but non-linear., Let:
N 1.
H(x,p,t) = 2 bipi + 3 2 aijpipj ' (5=9)

be a "Hamiltonian" in which p = (pl,pz.p3) is a new independent

variable. Then one writes:

g‘% + H(x' g'% ' t) - 0, (5-10)

Fquation (5-8) can also be solved by the method of characteristics,

(references 14, 15, and 16)

Theorem (reference 14,15)

Let x(t) and p(t) be the solutione of:

dx
;™ " Ty #3100 = %49
(3=11)
dp E
i' - - ?—H——- -
~at 3%, ! Py (0) = By

33




i These are called the ray cquations. oOn the golution curves of
;i equation 5-11:
5 :
1 '
y d i = - . ) s ‘ __‘ o A R - . .
% dt AR I A N R L Hie12) y
;. $(0) = 9 .
I
i
§ Erercise f
2 1)  Adgsume that:
; : 10
? (ay ) = (n 1)
X!
1
E and bi(x,t) w2 bi , 8 constant, Write down and solve
5 the ray eruations,
E; <)  Assume thot
10 |

and bi(x,t) * bi(t) only. Write down the ray equations. .
Whan can they be solved?

3) what are the ray equations for general (uiﬁ) and bi(x,t)?

Theorem (references 14 and 15)
If the solution curves of equation 5-11 don't intersect,
than py = nm/axi and ¢(x,t) , the solution of wuation 5«12, is

also a solution of equation 5-8.




Initial conditions arc still needed.

5-3 and 5-6,

e-¢(x)/u

In light of equations

one has:

b
i.d

ekhk(x) = g 1(x:0)/¢ Zqu(x,o,Z)ek .

Hence, one gets:

x(0)

p, (0)

¢(xo'

Xleo o

L
ot
Lol

0) = ¢(x0)

Thus, the following algorithm can be used.

ALGORITHM FOR SOLUTION OF THE HAMILTON-JACOBI EQUATION

1. Pick x,(arbitrary).
2, Solve:
dx
i - aH ]
o " (00 = %y
Py _ _sH 30
R Y PO = 5%
*o
3. Set ¢(x,0) = bg ™ @(xo) and solve:
d 1 5
& = 7T ayppy -
4. Cycle through x, .

PO ST PN YR o S S U T AN 2 .-a orrvens
¥ rioldobicintbomtirrrah sk s rrre - ad ey el

(5=13) § 3

(5-14)

(5«15)

(5-16)



ARG

ALTERNATIVE ALGORITHM FOR THE SOLUTION OF THE HAMILTON-JACOBI EQUATION

[
L]

=1

-3
.

The following alternative algorithm can also be used.

Choose a point x at time t,

Find the point Xg Such that the solution of

dx

i, OH .
T X (0) = x,,
dpy oH 30

*0
j:asses through the point x at time t.

Set ¢0 = ¢(x0) and solve

d l .-
T - 7L 34,%Py -
This generates ¢(x,t) .

Cycle through x at time t.
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Variational Interpretation (references 6, 10, 14, 16)

Define a Lagrangian L(x,dx/dt) by:

o5

®
L(x,%%,t) + H(x,p,t) = %}——i P, - (5=17)

o7

Exercise

For H(x,p) given by equation 5-9, show that:
dx dx
dx = l - i _ -1
[N

In this equation, (aij)-1

-1 10
(aij)(aij) = (0 1) .

is the inverse of (aij):

c{t,x} = {set of all paths u(S) with u(O)-xo and u(t)=x}

(see figure 3). Then, according to Hamilton's principle:

t

p({x,t) = c{!:f;:} A L(u, g-‘é-, s)ds . (5«19)

This formulation 1s often very useful for numerical evaluation of

d(x,t).



PIG.

3: ILLUSTRATING HAMILTON'S PRINCIPLE




Remarks

1.

If there is a deterministic trajectory connecting
(xO,O) and (x,t), then L(x,'g%, t) vanishes on
that trajectory.
1f po(x) = G(x-xo) then the pi's can be treated
as parameters (see reference 1l or 6),
1f po(x) is type 3, i.e.:

P (x) xenéch

Poix) =

0 xéDT .
there may be difficulties with the ansatz (equation 5-6)
(i.e., rays may intersect for X, near the boundary
of D;). More work (boundary layer solutions or

uniform methods) can eradicate the difficulties.

Now consider go(x.t;Z).

Exercise

Show that go(x,t;Z) satisfies the following equation:

%99 \ 2 %99
5Tt L ‘q‘nwf*bi 7%,
3a 2 3b
i3 3 1 ) i
= wﬁﬁwﬂija—fﬁ*?a‘q*w'“” %

39
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This is a first-order linear differential equation for é&(ﬁ}ﬁ;Z);
it is called a transport equation. Note: that 1f (&ij) = (0} ,

then equation 5-20 becomes the deterministic search equation,

To solva aquation 5~20, recall that:
dx
i, au_ b, -
L TR AR T (5-21)
Then equation 5~20 becomes:
5g dax, ag oa 2
0 ~ 4 0 ) i3 1 2 _¢
+ 2 a -1 2 | Py + ¥ a
it dt ox, 173 \0xy 3 7 2 Y44 Bxiaxj
(5=-22)
, by
Thus, on the rays:
dgo
at“‘ b - {r(t) + lb(“(t). L, z)}go . (5"23)
In thias equation:
3a 2 b
o i 1 ) " -
T(t) = 2‘,,' 57‘—1 Pj + x "ij ml-a-;g- + \{4 5“;; . (5=24)
'. R

PR -



An alternative formulation is obtained by following reference 6.

Let J(t) satisfy:

Bbi

Ja
l .\ i Sl
re 712,'35"—315%1'”5?‘:'

po that 82¢/axiaxj does not have to be computed.

Remark
Ludwig (reference 6) interprets J as the Jacobian

of the transformation from physical to "ray space."

Initial Condition
From equation 5-3 and 5-6, it is clear the the appropriate

initial data is:

The other functions gk(x,ttz) are determined in a similar fashion.




SUMMARY OF COMPUTATIONAL ALGORITHMS

' In this section, three algorithms arc given for the solution
of the three search equations corresponding to different types of
target motion,

DETERMINISTIC TARGET MOTION

5 Equation:

& - - ?;5'%1‘ (b f) = }f

]

f £(x,0;2) = po(x)

5 Algorithm

3 1. Pick x,

; 2. Solve

dx1
=" bi(x,t) xi(O) = X4
3. Solve
daf sy ab (x(t), )
k. - L4 + o (x(t), t, |t
i Axi

with f(0) = oo(xo)

4. Cycle to 1 or 2,

.42




CONDITIONALLY DETERMINISTIC TARGET MOTION

Equationt

£(x,0:2) = po(x)

ba(x,t) drawn from a distribution B(ba) .

Algorithm
] 1. Pix o and let f(x,t;2]a) denote the solution of (1)

with o fixed.

"
M

2. Obtain f(x,t;2z|a) by using steps 1 through 4 of the
previous algorithm.
3. Calculate:
f(x,t12) = E {£(x,t;Z]a)} = ,}r f(x,t12]|a)aP .
. a B(ba) o

STOCHASTIC TARGET MOTION
Equation:

2
e N g (a £) - =2 (b,f) - yf
FE i i,j xi xj ij i axi i

£(x,02) = e ¥V x Ky oy
k=0 K
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Algorithm for f(x,t;2%)~ e'¢(x't)/ﬂgo(x.t;z)

—
.

t

»N

I

L2
.

w

N

!

[

Pick x at t ; find ¥

G
a 9%
Find Py B
X=X o

Solve the ray equations:
dx

t &l iﬂm
T Py ¥ (00 = xy4
ap

i aH
I " 7oAy iD= pyg
where

- 1

Solve for ¢ :
d¢ , 1
E% ) f?j A14P1Py

$(0)m @(xo)

Evaluate the Jacoblan J(t) or calculate az¢/axiaxj

Solve for Yot

dgo

- - [rm + u:(x,t,z)]go
go(xofolz) = ho(xo)

Cycle to 1.

44




g e

o Ry - O YA R B el

OPTIMAL SEARCH FOR A MOVING OBJECT

General References: 2, 3, 17.

In this section, the problem of optimal search is formulated

and a method of solution is sketched,

Fouth

e

Let C{Z} be the set of allowabla search paths. For example:

a‘y
ael

c{z} “ {2(t) 2(0)"20' Z(Tf)‘2f9|%‘§" sV, s a} , (7=1)

is the set of search paths with constrained endpoints and constraints

on valocity and acceleration,

Three possible objective functionals are the following.

(Other functionals could be used.)

PUNCTIONAL #1: INSTANTANEOUS PROBABILITY OF DETECTION

Let:
. Jl{z,t} = Ex(w(x.t.Z)} (7=2)

../rW(x,t,Z)n(x,tIZ)dx . (7=3)

Note that Jl{z,t} is the (averaged) instantaneous probability of

detection. A search plan that maximizas Jl{z,t} is called myopic.

From the definition of p(x,t|%) , one obtains that:

. d/;(x.t,z)f(x,t;Z)dx
Jl{z.t} u (7=4)

J(}(x,t;Z)dx .




When Jl{z,t) is extremized, one has the following interpretation.
Consider an interval (0,T). Divide it into Xk subintervals (
(€4, ty,q) with t; =0 and te = T,

Next, maximize Jl{z,ti} for { = 1,2,,..,k=1, The optimal
path is the plecewise linear set [2Z,, 2,], Ezly zzj , otc,, where

i - Z(ti).

As k+»w , a continuous curve 2Z*(t) {8 obtained.

FUNCTIONAL #2: PROBABILITY OF DETECTION BY TIME Ts

Let

This functional, Jz{z,Ts} i the probability of detection by

time Tg. One seeks the path 2%(tr) , 0 =71 % TS that maximizes
JZ{Z'TS} + Also, note that f£(x,t;2) satisfies:

2
2 . £ » 2. (a,.f) -5 2 (b 1)
ad B mm—— )] - f wead -Wf.
5% 2 174 Bxiaxj i3 1 axi i
In terms of control theory, this is an optimal control problem for
a distributed parameter system with control in the coefficients.

There is essentially no theory for this sort of problem.




fUNCTIONAL # 3: MEAN TIME TO DETECTION
The probability density for the time of detection can be

determined as follows. Let '1‘F be the total time available for

search., Let h(t)dt = Pr{detection occurs in (t, t+dt)} . Then:
5% [£0x,t18)dx PR
] hit) = ‘ (7=7)
‘.3 0 t > TF f
) is the desired probability density.
] The mean time to detection is then:
Tp
33{2} - f th(t)dt (7=8)
0
T

F
- -f t[a—%ﬁ(x,tIZ)dx]dt 5 (7=9)
0

SOLUTION OF AN OPTIMAL SEARCH PROBLEM
Consider now the problem of finding 2*(r) € C{2) that

maximizes chz,'rs} . In order to make any progress, the functional

4 will be converted to a function as follows., The functional szz,t}
'y can be rewritten as: ‘
3,(25E) = 1 -fo'“""’/"z: e¥qy (X, t12) dx i
- 1.5 ekfo'¢:x't)/sgk(x.t;z)dx (7-10) {7
. k
- 1 - E [ 4 .Ik(z't) . (7"11)
k=0
47
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The integrals 1I,(Z,t) ave defined hy: ",
Vo
-} /.,
Ik(z,t) = fe s t) qk(x,t:Z)t.'lx . (7-12)

¥ Jj
: These integrals can be analyzed by Laplace's method (reference 17). é
E_ Let x*(t) denote the minimum over D, of d¢(x,t). For : ~§
simplicity, assume that there is only one minimum. From refcerence : ,g

. T

17, page 338, one has that:

s da

M %o
I (2,8) ~ e PMENENE o g2l '—‘Lﬁt‘.ﬂ 3. (7-13)
k 450 12

~In this equation, n = 2 or 3 is the dimension of the space in

'which the target moves. The variabloes | are now coordinates
(reference 17, page 3134), . jﬁj\
2\J
| *»
8 e [ m A (7=14)
: (i'l 951>
and

gk(x*(t)yt’Z)
G - " . (7=15)

k0
2
N A
det<axi3xj>
Jx* ()

It is often sufficient to use only the firat one vr two terms of

the full asymptotic expansion,
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Thus, JZ{Z'TS} has now been converted to a function, rather than

functional:

J2{Z,'l‘g} = 1 = (2'51r:)n/2 e-¢(x*(TS)'TS)/E

m m AjG

)
Wt k] «- kO
keo 3% =t <%)

One now determines the function 2" (t) that maximizes

equation 7-14 on [0, Tsj . Here, 2(t) occurs in the G, ,~terms,
which depend on gk(x,tzZ) by equation 7-15, and the dependence of
gy o©On Z(t) 4is given by equations such as 5-23,

Remarks

l. Tt is still, in most cases, necessary to use a
computer to obtain 2*(t) . However, by going from

functional to function, the amount of work required

has heen vastly reduced.

2, It may be possible to solve some of these problems

by "dynamic programming,"

(7-16)
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APPENDIX A
SOLUTIONS OF EXERCISES

“' 1‘ In this appendix, written by James Thomas, Jr., the solutions

of most of the exercises are given,

-k EXERCISE:
kK, l m VH e
-k S(8) ® pm o
lim
a 210 g (8)

/m e-Szn/Z

with En(S) - oo
m

Sketch a few En(S).

Sketch the corresponding EA(S) , where the prime indicates a
Q . derivative with respect to § , ,
4 SOLUTION: {
, .; Refer to the following computer graphics. E
o
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EXERCISE:

Show that for detorministic targat motion:
var{ AX|X(t)=x] = 0.

SOLUTION:

For deterministic target motion, the transition function,

q(5,t,0t,%) 1is given by

ql§,t,At,x) = 8(4 = b(x,t)At).

Substitution of this in the expresslion,

B{(ax)%} = [ c2qar

yields
2 2 \p - -2 2
E{ (aX)°} = [ £%(e-b(x,t)At)ar = {b(x,t) J"(At)".

Consequently,

var{aX} = E{(x)%} -~ [E(AX}]® = 0 .




For stochastic target motion, given X(t) = x , AX i distributed
with mean

b(x,t)At + o(At)

and covariance

eaij (x,£)at + olat) ,

g where

3 _

3 °A:->0 as At > 0 .

4

5 Alternatively:

: E{AX, |X(t)=x} = b, (x,t)at + olat)

4 and

BAXAX [X(E)mx) = cajht +oQt).

= EXERCISE:

. If AX is normally distributed, what happens as ¢e+0 with

3 N ‘1j bounded? Write the alternative conditions for stochastic
target motion in terms of gq .

L e o it e — -
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SOLUTION: Let dX = X(t + dt) = X(t) .

In several dimensions,

Q(ﬁl; {,21 » 88y [‘i' lrlj’ t' d',’, X)d.‘]d",?...dﬁidf,j
- Prob{ﬁlsxl(t+dt)-xl(t)a&l+dﬂ]. czsxz(t+dt)-x2(t)s;2+dg2,

1f two new functions are defined such that

qij (Eil&jlt,dtlx) ] J'...‘J'ds:ldi‘,znnod&i_lq(r,l'&z'.nnpﬁipgj't,dt'x)
and
qi(ﬂirtodtox) = I-o-fdﬁldﬁz---dCi_ldﬁjQ(Elogzruu-rEivﬁj:t:dtox)

then the alternative conditions for stochastic target motion can be

written

E{dx1|x(t)-x} = b, (x,t)dt + o(dt)

= f dEiqi(E'tldtvx)Ci
and

E{dxi dlex(t)-x} = eaijdt + oldt)

= J‘J‘ dEidquij(Eivﬁﬂ:t,dt,x)ﬁiﬁj .

Now, given that dX is normally distributed with mean,

b(x,t)dt + ol(dt),

’
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and covariance,

eaij(x,t)dt + o(dt) ,

} 1
Qyy (606 kAt %) = — 5
‘ S Rt S R ‘Pw[eaijdt+o(dt)] E

[t,-b,dt=0(dt) f ,~b,dt=0 (at)]
©OeXP 3" ZEeaijdt+OTgET%r““"""'

As ¢»0 with aij bounded, qij(si,gj,t,dt,x) becomes a delta
function analogous to the &n(S) of the firat exercise. Consequently,

the target motion becomes deterministic in X , i.e.,

dx1 = bi(x,t)dt with probability 1 .
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EXERCISE:

For one-dimensional target motion with dx~N(b(x,t)dt + o(dt);

ca(x,t)dt + o(dt)), gshow that

J‘E"q(&.t.dt.x)dﬁ = o(dt)

for n« 3 , where

o(dt

t + 0 ag dt - 0 .

SOLUTION:

For dx~N(b(x,t)dt + o(dt); ea(x,t)dt + o(dt)) ,
_ [E-b(x,t)de-o(dt) ]

QUE,,dE,X) = —e—rm—emmme €
V2 ca(x,t)dt+o(dt)
For convenience, let
g-B)?
1 A
ql6,t,dt,X) = —=—— @
-y ’ /".A
with A = ca(x,t)dt+o(dt)
and B = b(x,t)dt+o(dt) .
Now - -l
1 n 'L%igj"
[ElalE tde, de = =[G de

2 ea(x,t)dt+o(dt) ]

2




Making the change of variable,

y = £ ~B,

JeMqle £, At x)a =

2
j; /2nh

; ij + B] e

%3

1 2
4

3

n~l..2 ni{n=1l) n=2 =
. Yy +Bny +B Y .00 J@
/Q'K s .

ay,

for which only the eaven powers of y are non=-vanishing.

For n eveni
2

/2nA

‘ - ﬁr(‘-‘%l)(z")“”[“%* ]

n/z
= (n+l)(“)n/2(dt)n/2+t‘m. of higher
order in (dt).

Thus, jan(e,t,dt,x)dz = o(dt) for n even a 4.

For n odd: 5;

fEPq(E, b, a8, x)dE = /—%__—;f[:nnyn'lman(“'l H=2) n=3, e
' m
(n=1)

- < R 6T [ ]
ne1)

(dt) +terms
highar order in (dt).

ay

C o (n+l) /2 1—7—1
2 / (n+2)b (5‘)

3
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for n  odd
for n 3

A=10

o (dt)

=

. [ERqlE,t,aE, 00, = o(dt)

T
*
)
<
~ 23
a
o
=4
W
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@ .
3 <
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i EXERCISE:
3 —_— |
% Suppose that there is no search, Let .
; ' pi(x,t)dA(x) = Prob{X(t)edA(x)}
what equation does p satisfy? }
%;; BOLUTION: S
! q h (5' t+dt) = .J‘q(g.'todtﬁ_‘_‘g_)ﬂ (_’,‘_'E_rt)di “
;' i 41
y | 3 2?2 kﬁ
E where gp = q(f,t,dt,x)p(x,t) ~"f
 § - D(Eot)‘rdf._Q'T 5‘;"; D\rdiﬁicﬁ'!‘i jﬁ:ﬁ; DI & i jq . it
1 ' P i
d: i . ;iy};
Thu., \\..
p(!&_,t+dt)~p(§,t) L ":}.: E',a?'i' DEbi(!.pt)dt + O(dt)] o
ey plea,,(x,t)dt + o(at) .
2 “" T'T—' 3=’
pividing by dt and taking the limit de=0 ,
2 '—?_‘ p) = % (.J axaax (aijp) .
- 1 9%y 1,9 °%4%%y

A-11




EXERCISE: i-

For deterministic target moltion, show that i
3{ N ITIN TSR . 5
i lihi ;
SOLUTION: 3
For deterministic target motion, «»0 in the stochastic ~: 3
gearch equatlion with aH bounded, :
L. Search equation becomes 3
i AR Sl AN
i [¢ .i E
% )
- "his result is also obtained by setting i
.- Q(F_.,tpdt,x) - 6(’,. - b(x,t)c’lt) . .

4

[ '
¢ Uk
¥ 33
3
2
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EXERCISE:
Suppose that bi(x,t) = vi(t) . Show that

o

f(x,t;2) = po(x -fv(s)ds)
0
A
* exp -fw(x -f v(s')ds', s;?)ds .
0 ]

Write down the intecgral that gives the proh.obility of detection
by time ¢t .,

SOLUTION:

If b, (x,t) = v, (t) , s =0, and

ab
\ i
Elx,t12) = 0g(Xg)pray 5 OXP ',{ (w " g s“x—) %

becomes ¢

f(x,t;2) = po(xo)tl_ajxexp -f w(x(S),s; z)ds .
0
S
Now x(8) = Xy +f v(g')ds' ,
0

L t

and Xq x-f v(8)ds = x~-f vis')ds' .
0 0

A-13
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Thus, t g

x(8)= x(t) —f v(s')ds' +f v(s8')as'
0 0

t 0
= X(t)-:/ﬁ vi{g')das! -J( v(s')das!
0 8
£
= x(t) -“/ﬁ v(s')ds' ,
8
and &
fix,t;12) = po(x -[ v(S)dS)
0
t £
. exp _f ofx _f v(s)as', s z) as| .
0 ]

1 - Prob{no detection!

Prob{detection by time + } =
= 1 ‘ff(x,tyz)dx
t
= 1 - po(x -f V(S)ds)
0

t.

t
@xp -f «p(x f v(n')ds',s;z)ds dx .
0 s

A-14
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EXERCISE:

Let £(x,t) = w(x,t)e'wt . Show that

2
oW x E 3 \ ow
5T Z: I3 - b, =
and wi(x,0) = DO(X).
SOLUTION:

Given f(x,t) = w(x,t)e-mt

’

%% - g% eVt . J)w(x,t)e"""t

- (g.%’) o=Vt . Te(x,t).

For aij - Gij and bi constant,

beconmes
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EXERCISE:

In two dimensions, w(x,t) = G(x—g,t)po(s,‘)de;, with

2 2
(%R £=6) 24 (x,=b, £=€ 1 2 |

Glx-t,e) = grex oxp|- 7ot |
2 2
Assume _[("2) * (%) ]
K]
po(x) - 1l o 20 .
2nag
Pind wix,t),. HINT: Gaussians are closed under convolution.
SOLUTION:

wix,t) = fG(x-E.t)oo(E)GE

2 2
(X, =b t=£,) “+(X,=b,t~€ ,)
1 17717751 2 °2"2
- de 1d€2 Znet OXP et
. (£ 5) 2 (g ) 2
'Sy @Xp | -
21;2 202
L (xy-by e % (5))? ,
- —-—2--2-—- exp |- - E
4n o et zet 202 1
2 2
(x,~b,t=§.) (€,)
. 2 27827 18
fexp - 5T 22 dgz .

A=17
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20 et

-

(x -b t)

\/20 at

- axp -
2 (o +et)

i o

q(n +et)

A-18

2
./; Y dy

Now,
(xomb t=£ )2 = (£.)% = 2(xy=byt)E, + (xy=bt)?
1 717 =1 "1 1 1 1 1 71
and
(xl-blt-ﬁl) . (nl) ) 2{o +¢t)(ﬁl) -da xl—blt)€1+2o (xl—blt)
zet 202 402€t
2 2 2 2
VZ a“(x,~b, t) 20t (x,~b, t)
r 171 1l 71
2{c%+et) 51 - va + 2
\[UJ +et) (0 +et)
4025t
Consequently,
f (xy-bye=£)? € )*)
exp|- _ - 3
2et 202 1
2 2 2 2
VY2 (o +et)£1-/7 0°(x —blt) (xl-blt)
u fexp - e g -—-—-2-—-——- dl‘;l
\/40 \/ 2{(0%+et)
et {o +et)
(x -b t) f . »fﬁ (T ht’)F —/2 ] (x -1 t)
= exp |- «4«7—-—~ dEl ex e
2(0"+et) \/q.) FRY O

2




5 2
. [2ngdet exp | - (x1=byt)
(0“+et) 2(az+ct)

8imilarly, 2 2 7 )
fexp ) "‘z'bzt'ﬁz) ) (62> . = ﬂozet_ oxp| - (xz-bzt) ’
Zet 20° |2 Yioeet) 2(0%+ct)
and
2 2
(xbyt=£,) (€4)
1 171 1 1
Wix,t) = —g=p— Jexp|- - ag
dno et 2et 20° 1

2 2
(xy=b,t=f,) (€,)
‘ jrexp - get i - 22 4

20

2 2
(xl-blt) + (xz"bzt)

= .—-—.2-___._1 exp |-
2n(c®+et) 2(02+st)

A-19
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EXERCIBE:

Consider the one-dimensional equation, Q R v

O ——

2 X
wix,t) = - 1 e/. S(eye (¥mbt=l)"/2ct a .
Yanet %y

If ;5(5}“ﬁ 1728, use integration by parts to derive an expansion

for‘ W(K,t). !

SOLUTION:
Substituting in for op(f) gives

')

2

. 1 1 - (x~bt=-£) “/2et ,.

w(ix,t) - -[ e dg
/2ﬂet ) ?

L 2 -9 2
- _l.. [ o~ (x=bt-£)“/2¢et At - f o~ (x=bt=f) “/2¢t aE .
V2met » oo

® 2
1 f o-(xbr=6) 22et

/anee
T (rebtg) 2/2¢t T (xebteg) Z2ct
_J( o (% : et ge _./F o (% £ £t g
3 —co

BN v it S wterne, i SR B




2 2 "‘2' 2
i - .-}—-— /m -f e-(x‘bt-g) /2‘: tde;"f e-(x-bt"ﬁ) /2EtdE
J Y2net [ -0
!
: o© 2 °
1 o et d | -(x=bt-§)“/2et
P L TX -f e [e ] ag
vY2ret 2 (x=bt=E) df

)
2
et d - (x=bt=£) " /2ct
-[: +ﬁ=5't‘-e:Ta?;‘[° ]d‘ '

Now integrate by parts

'(x-bt-ﬂ)z/ZEt

wix,t) = _}_,___ Y2net -Tx-:s%%ﬂ e

Vanet
2
-(x-bt-E) /2ct AL - ct e-(x-bt+2) /2¢et
-[ x-bt-E) (%=BEFT)
2
f o~ (xebt-8) /2seg [
w0 (x-bt-F)

Now repeat the process.

A-21




EXERCISE:

For solution of the search equation taking the form,

fF(x,t) = g(x,tre)exp=d(x,tre) ]

i

piek gl(x,t;e), ¢(x,tre) and find the bh™ necessary to satisfy

the search egquation.

SOLUTION:
This is an audience participation problem. It would defeat the

purpose to give a worked example.

A=22

o=

TR
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EXERCISE:

Using the ray ansatz,

o

£(x,t12) = { )y akgk(x,t:z)}e"¢(x't)/5.
k=0

The equation for ¢(x,t) is obtained by setting the coefficient of

% .-@/e obtalned from the secarch egquation eaqual to zero. Show that

this equation is

-3-9+Zb3—4’+12a”(3 )(9)-0 .
at i 4 aér Z i,3 ;ﬁI ax
SOLUTION:

The search equation,

2
2" (a f£)

af-_ _‘\3 € “ i

5t ve ?{'axi (by2) + ) £y axiﬁxj '

’

is written equivalently as
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For fix,t;2) = { 2 € gk(x,t;Z)

k=0

k }e-ux.t)/c :

o 'c)g
f N k ’k _ k-1 (3¢ -w/e
-y { ‘e [5 5t € (at)gk] }e '

k=0

and the search equation becomes
- g - -
e0 [Ek(ﬁ&) < S )ox) (0

2
a o 3%g
N IS T RN x+1( X ) _ X 2(
14 kéb¥e EILETY B

and | .
2 o d ay 2
e “ K 9y k=1 S fa¢ 3
L [k‘-'-'o - (5"15"1) " [z(ﬁ'}f)(”i‘?) ’ g“("’“i "3)]
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One now equates terms with the same power of ¢ . The equation
3 for ¢(x,t) is obtained by looking at terms invelving 1l/e¢
¥
’ (3 1 =¢/e o 4 30 \ (2 \ L _-¢/¢
(é‘%) % ¢ ® Nt go(ﬁ%)(a’%‘) c ®
i3 L )
n b (29 1 -¢/e
*%“bi(axi 9 ¢ ®
This vields
3¢ . 1 (a )(a) [\ (a)
" P! + 2. b = 0,
4 % 2 17y 13 551 F%; T4 \bxy
p the desired result,
iE XERCISE:
'{ wWhat oquation does qo(x,t;z) satisfy?
SOLUTION:
This is obtained by looking at the terms involving eox
dg a
2). (3 -¢/€ i ) )
[(59)- @)oo - 2, e, (103
. i,] 7
390\ (3¢ " 32 -4/¢
- 2(5‘]) 5xj) * go(5x15xj) °
’ \

A-25




?"

Upon rearranging terms, one obtains
'{‘l

5

dg a 9d, 2 ha Ry
o W R i 3 (" '2- (t' — -L 3 i,;,
w Ll -l e ]|
" j 17%y ALY 3

R

8g ) \ x

+ ~ ( + ('—“ 4 e = 0 B
i S;I Jo\3 ) "o ' R, :

%%;) + ? bi(%%‘)} vanishes,

i

a
since 91{%% * i%g -%i (%%I)<

(The term in braces is the left hand side of the equation
just obtained for ¢ .)




EXERCISE:
Assume aij = 61j and bi(x,t) = bi , a constant. Write and

solve the ray equations,

SOLUTION:

The ray equations are the following:

dx
i . 23H -
a-e- —"—api with xi(O) Xio
and
dp
i - 9H
O T with  py(0) = pig
where
1 .
H(x,p) = 7, b,p, + 2 a .pip, .
Iy i¥4i 2 7 i3%4%4 ‘

For aij - Gij ’

HOGP) = 3 (bypy + ied .

Now

dx

i . i

I 7p; by +py
and

dp

i ~3H_

T * Tax; 0.

The second of these yields the solution, pi(t) = Pig

-A=27




Then, integration of the first yields

L . . ("

and consequently,

xi(t)

Thege rays are simply

LR

EEYEISIE B R I L

t ! R

=‘/; (bi+pi)dt' = (bi+p16)t PR

L DAARY

e “ N AT L PR AN
, C R

o fow

LAOT IO

= X + (b, + t .
10 i ?ﬁ@)y-!'wl seld orn aactdapp yet ol

A-28

H\ i
35 L
I
bs
" L,
. ot
i
et AW
T R
do '
]
o HIRY!
i P
. ! vy ow )
H
¥
-
NS ¥

e ot =

w1




EXERCISE:

Assume aij = sij and that bi(x,t) is a function of
i.e., bi(x,t) = vi(t) . Write the ray equation.
SOLUTION:
1
H(x,p) = ? bipi + 5 iLj aijpipj .
4
For aij = Gij and bi(x,t) = vi(t) )
1l .2
H(pr) = ?[Vi(t)Pi + '2‘ pi] .
RAY
EQUATIONS dxi
9H -

dp '
i . _ 3 _ -
FJ " Thx - 0 Pul®) =y (0 =y

Integrating the equation for xi '

t
xi(t) - xi(O) -/; [pi(t') + vi(t')]dt' )
and consequently,

t
x,(£) = Xy *+ Byt +jJ v (th)de

A-29
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EXERCISE:

What are the ray equations for general aij(x,t) and bi(x,t) ?

SOLUTION:
For aij(x,t) and bi(x,t) generally,
HGP) = by (x ey (e) + 3 S, fuyusipgpg ()
A [
; and consequently,
BH_ o b, (x,t) + 5 a,.(x,t)p, ()
, Sy T P00 g R bunn
;} and
4 3b da
X 9H 5 i 1 i3
. L rragiiie P (t)( ) + 2 py(t)p (t)( ) .

’. The ray equations can be written

i -aH = ’ y =
F& " gp; T Pabw) rZegytutipglel x(0) = x40

and

: dpy aH - ob 1 o« day
FE U T mg ¢ T PR®m) 7 5 PR .
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EXERCISE:

A (PR YL T h
Suppose po(x) e
2ro
Wh‘t are ] and hk (k = 0' l' 2’ o-o) if po
form
polx) = emtR/E 5 hk(x)ak ?
k=0
SOLUTION:

Pirst, equate exponentials:
-¢(x) /e = =~ [(xl)2+(x2)2]/202 .

This yields
¢ [xy) 24 (2%

() = .
202

Next, equate the remaining terms:

- k 1

Z h(xX)e” w =

k=0 k 2re
If the hk(x) are assumed to be zeroth order in
equation gives

hy(x) = ;%;5 and  hy () = 0 for

A-31

is written in the

€ , the above

k¥ 0o .




i At

EXERCISE:
dx

The Lagrangian L(x, 3?) is defined such that

dx ax,
L(x. a«;_) *HOGP) = Nt by

Show that

dx =1 fdx
X ) i i
L("' %E) "z iz"’j(mdt ) bi) (aij) (a— T bi) '

th

-1
where (fij) is the 1,3 element of the inverse of the matrix

Eaijj .

SOLUTION:

1 o«
H(x,p) = 2 b,p, + 2l a PP
’ e R 71,3‘ 14F4%4

and
dx
i o OoH - =
T Ty " Pt 24yP
Now,
dx

{ .
J&= " by - Zj“dijpj

can be written as
-9 - (o)
— ™ [ a _'

A=-32

o




e

ax
where (5% - Q) is the i* row of the nxl column matrix,
i

the elements of which are the components of the vector (5% X - g) .

E&ij]' p is the product of the nxm matrix with elements

a4 and the column matrix (nxl) whose elements are the components
of the vector p .

S8ince

dx - -
<a€ = E) = LgijJ N -

where Eﬁij]—l is the inverse of the matrix [511] .

o - (- (3-0)

- %(Egij]'l)m (;:-& - bg) ,

Now

h

where ([gij]") is the k,zt elemant of the matrix that is
- k&

the inverse of the matrix Egijj .
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Turning to the Lagrangian,

dx
d
L(f. 3§> = E) ggi * Py = H(x,p)

= Sbop, + L a -lSbp, +3 % .
iPy £ 13P4Py [i 1Pi 75 814P3Py

i
e N~
dxi
213 atc ' Py H(x,p) <
I
3 12'3 844PyPy

1, ™ - .
= 5" . Ca340 + (p! ,

where (p.)Tr is the 1xn row matrix obtained by taking the

transpose of the nxl column matrix (p) .

Tr 2\ Tr
@ - (2% - -’9) (E!'_-ij] 1)

A-34




g; Now, oy
i Tr, - ax dx
i (p) E.‘_:ij.]' (p)= (a"f ) la j.J Ldi-j..][:aij.] (dt = P.)
ax  \"_ IHax
“ -2 EéijJ(a'"é‘E
O
- ~ a -
é i \d& k/\~=id A )
«;"1
g dx ax
a ) -—.E - -1 g -
f*(t bk)(“ij) (Eﬁ;“ bz) '

3 -1 -1 eh '
 } if one defines <?ij) [aijj " to be the k,% element

. of the inverse of the matrix with elements aij .
AN Finally,
3 4 1
4 L("'a"é) - 3 &y PPyt 7 @)™ e, -

i %12.“‘5(;‘1-b)( ) (d: ) '

which was to be shown,
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